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Problem 1. Consider the matrix A and its characteristic polynomial χA(t) given by

A =


1 27 0 0 0
0 −1 0 0 0
0 0 2 1 2
0 0 8 3 c
0 0 −4 −1 −4

 χA(t) = t5 + −1 t4 − 5 t3 + 5 t2 + 4 t− 4

Note that the (4, 5) entry of A is a variable marked c. Also note that the coefficient of t4 in χA(t) is blank.

(a)(4 pts) Fill in the blank coefficient of t4 in χA(t).

(b)(10 pts) Find c. Hint. What is det(A)?

Solution. This A is 5× 5, so det(A) = (−1)5 · χ(0) = 4. On the other hand, we have the direct calculation

det(A)∣∣∣∣∣∣∣∣∣∣
1 27 0 0 0
0 −1 0 0 0
0 0 2 1 2
0 0 8 3 c
0 0 −4 −1 −4

∣∣∣∣∣∣∣∣∣∣
r4 + 2·r3 → r4
r5 − r3 → r5
============

∣∣∣∣∣∣∣∣∣∣
1 27 0 0 0
0 −1 0 0 0
0 0 2 1 2
0 0 0 −1 c− 8
0 0 0 1 0

∣∣∣∣∣∣∣∣∣∣
r4 + 2·r3 → r4
r5 − r3 → r5
============

∣∣∣∣∣∣∣∣∣∣
1 27 0 0 0
0 −1 0 0 0
0 0 2 1 2
0 0 0 −1 c− 8
0 0 0 0 c− 8

∣∣∣∣∣∣∣∣∣∣
= 2 (c− 8)

Putting this together gives 2 (c− 8) = 4, which implies c = 10.

(c)(10 pts) The scalar 2 is an eigenvalue of A. Suppose that v is an eigenvector of A corresponding to the eigenvalue 2.
Show that v is also an eigenvector of adj(A) and identify its corresponding eigenvalue λ.

Solution. We are told that Av = 2 · v. We wish to show that adj(A)v = λ · v. To do so, we calculate

adj(A)v = adj(A)
2

2
v

=
1

2
adj(A)2 · v

=
1

2
adj(A)Av

=
1

2
det(A) · I5v

=
det(A)

2
· v

=
4

2
· v

= 2 · v

This shows that v is indeed an eigenvector of adj(A) with corresponding eigenvalue λ = 2.



Problem 2. Consider the following matrix factorization A = XDX−1.

 A

 =

X
1 −3 0 1
0 1 0 −1

−2 2 1 1
2 −4 1 0


D

3 0 0 0
0 i 0 0
0 0 1− i 0
0 0 0 1− i


X−1

−7 −9 −2 2
−4 −5 −1 1
−2 −2 0 1
−4 −6 −1 1



(a)(5 pts) The eigenvalue of A with the largest geometric multiplicity is λ = 1− i and that multiplicity is 2 .

(b)(4 pts)

 A



−3
1
2

−4

 =


−3i

i
2i

−4i



(c)(8 pts) Calculate det(A). Simplify your answer to a complex number of the form a+ b i.

Solution. This is a diagonalization, so

det(A) = det(D) = 3 i(1− i)2 = 3 i(1− 2 i+ i2) = 3 i(1− 2 i− 1) = 3 i(−2 i) = −6 i2 = 6

(d)(8 pts) Calculate χA(3− i). Simplify your answer to a complex number of the form a+ b i.

Solution. The characteristic polynomial of A factors as

χA(t) = (t− 3)(t− i)(t− (1− i))2

It follows that

χA(1 + i) = (3− i− 3)(3− i− i)((3− i)− (1− i))2

= (−i)(3− 2 i)(3− i− 1 + i)2

= (−i)(3− 2 i)22

= (−3 i+ 2 i2)22

= (−3 i− 2)22

= −8− 12 i



Problem 3. Consider the factorization A = XBX−1 below.

A−4 2 −7
−2 1 −5
2 −1 3

 =

X1 2 2
2 1 −1
0 −1 −2


B0 1 2

0 0 1
0 0 0


X−1−3 2 −4

4 −2 5
−2 1 −3

 B2 =

0 0 1
0 0 0
0 0 0

 B3 =

0 0 0
0 0 0
0 0 0


(a)(3 pts) Fill in the blanks above to calculate B2 and B3.

(b)(4 pts) trace(A) = 0 , det(A) = 0 , and χA(t) = t3

(c)(10 pts) Use the Taylor series definition of matrix exponentials to show that exp(Bt) =

1 t 1/2 t2 + 2 t
0 1 t
0 0 1

.
Solution. The key insight here is that B3 = O, which means that Bk = O for all k ≥ 3. The Taylor series
definition of matrix exponentials then gives

exp(Bt) =

∞∑
k=0

1

k!
Bktk

= I3 +B t+
1

2
B2 t2

=

1 0 0
0 1 0
0 0 1

+

0 t 2 t
0 0 t
0 0 0

+

0 0 1/2 t2

0 0 0
0 0 0


=

1 t 1/2 t2 + 2 t
0 1 t
0 0 1


(d)(10 pts) Let u(t) be the solution to u′ = Au with initial condition u(0) =

[
1 1 0

]⊺
. Calculate u(2).

Solution. Here, u(t) = exp(At)u0 = X exp(Bt)X−1u0. So, we calculate

u(2) =

X1 2 2
2 1 −1
0 −1 −2


exp(2B)1 2 6
0 1 2
0 0 1


X−1−3 2 −4

4 −2 5
−2 1 −3


u011
0


=

1 2 2
2 1 −1
0 −1 −2

1 2 6
0 1 2
0 0 1

−1
2

−1


=

1 2 2
2 1 −1
0 −1 −2

−3
0

−1


=

−5
−5
2





Problem 4. Consider the quadratic form q(x) = ⟨x, Sx⟩ where S is the singular real-symmetric matrix satisfying

 S


v1
0
1
0
0

 =


0
3
0
0


 S


v2
−1
3

−1
c

 =


−3
9

−3
3 c


 S


v3
1
0
1
2

 =


12
0
12
24


Note that the last coordinate of the vector v2 above is marked as the variable c.

(a)(7 pts) The trace of S is trace(S) = 18 and the value of c is c = 1 .

(b)(3 pts) Which of the following adjectives apply to q(x)? Select all that apply (no partial credit on this problem).

⃝ positive definite
√

positive semidefinite ⃝ negative definite ⃝ negative semidefinite ⃝ indefinite

(c)(4 pts) Which of the following vectors x satisfies q(x) = 0?
√

x =
[
1 0 −1 0

]⊺ ⃝ x =
[
1 1 −1 0

]⊺ ⃝ x =
[
0 3 −2 1

]⊺ ⃝ none of these

(d)(6 pts) Complete the square to write q(x) as a linear combination of squares. Note. You may leave c as a variable to
solve this problem.

Solution. The given equations are Sv1 = 3 · v1, Sv2 = 3 · v2, and Sv3 = 12 · v3. This means that 3 and 12 are
eigenvalues of S. We are also told that S is singular, so 0 must also be an eigenvalue of S.

More succinctly, we have

ES(3) = Span{v1,v2} ES(12) = Span{v3} ES(0) = Span{v4}

A spectral factorization would give

q(x) = 3 · y21 + 3 · y22 + 12 · y23 + 0 · y24 = 3 · y21 + 3 · y22 + 12 · y23

So, we only need formulas for y1, y2, and y3. To do so, we need orthonormal bases for ES(3) and ES(12).
Applying Gram-Schmidt to the basis of ES(3) gives w1 =

[
0 1 0 0

]⊺
and then

w2 = v2 − projw1
(v2) =

[
−1 3 −1 c

]⊺ −
[
0 3 0 0

]⊺
=

[
−1 0 −1 c

]⊺
The orthonormal bases are

ES(3) = Span



0
1
0
0

, 1√
2 + c2


−1
0

−1
c


 ES(12) = Span


1√
6


1
0
1
2




Our formulas for y1, y2, and y3 are then

y1 = x2 y2 =
−x1 − x3 + c x4√

2 + c2
y3 =

x1 + x3 + 2x4√
6

(e)(4 pts) The quadratic form q(x) = q(x1, x2, x3, x4) is a scalar field on R4. Calculate
∂q

∂x2
.

Solution. The cool part now is that y2 and y3 have no x2-dependence!

Our partial derivative ends up becoming

∂q

∂x2
= 2 · 3 y1

∂y1
∂x2

+ 2 · 3 y2
∂y2
∂x2

+ 2 · 12 y2
∂y3
∂x2

= 6 y1 · 1 + 6 y2 · 0 + 24 y3 · 0 = 6x2


