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Problem 1. The data below depicts a matrix ) with orthonormal columns, the adjugate of an upper triangular
matrix R, and the characteristic polynomial of R.

2 -2 3
72 4 2 -20 —20 10
Q==-|-1 0 2 adj(R) = 0 20 —20 Xr(t) =3 4+ 4t* — 25t — 100
Ol 4 -1 -2 0 0 -2
0 -2 2

Let A= QR. Do not ignore the factor of 1/5 used to define Q.
(6 pts) (a) trace(QTQ) = and trace(R) =
(4 pts) (b) The (3,1) cofactor of R is .
(5 pts) (c) Each of the following statements is true. However, only one is equivalent to the statement “R~! exists.” Select

this statement.

O trace(adj(R)) #0 (O The eigenvalues of R do not sum to zero. () xg(t) is monic.
O xr(0)£0 O adj(R) exists.

(12 pts) (d) Let b= [0 0 500 O O] T. The system Az = b is inconsistent. Find the least squares approximate solution
Z to Az = b. Clearly explain your reasoning to receive credit.



(18 pts) Problem 2. Let w(t) be the solution to the initial value problem v’ = Awu with u(0) = uo where
) 1 -5
[0 =]

Find wu(t). Clearly explain your reasoning to receive credit.



Problem 3. Suppose that = > 0 is a real number and consider the spectral factorization H = UDU* given by

U

-1 1 1 5 1 i i
H Ve 2 2 V60 D
2 i 1—i -2 14i 0 —1-3i|q3
i ? -1 1-i Vv 2 V60 1 %
1+i -1 ? 1|~ | 2+ i - —2— —1 U
-4 147 -1 ? NG 2 2 V60 -3
“l-i 0 l—i —2+44d
LV 2 V60 - y

Note that each entry in the first column of U has a denominator of \/z and that every diagonal entry of H is unknown
and marked 7.

(5 pts) (a) x =

(16 pts) (b) Which of the following scalars is equal to zero? Select all that apply (2pts each).
O trace(H) O det(H) O nullity(i-I,— H) (O The “imaginary part” of every entry marked ?.
O xu(@®) O det(3-I— H) (O One of the eigenvalues of U.

O The “real part” of exp(hs; - 7/2) = €31""/* where hg; is the (3,1) entry of H.

(10 pts) (c) Suppose that Y is invertible and let A = (U*Y ~1)D(YU). Calculate x(2). Clearly explain your reasoning to
receive credit.



Problem 4. Let S be the 4 x 4 real symmetric matrix that defines the quadratic form
q(x) = (x,Sx) = 51’? —2x129 + x% + 8123 + 4 x013 +4x§ +6x124 — 22004 + 8374 + 5:03
If we “complete the square”, then this quadratic form simplifies to
g(x) = Myt + 393 + 243 — 243

where A; is a scalar and y;, y2, y3 are expressions that depend on 1, x2, 3.

(4 pts) (@) What is the definiteness of S? Select all that apply (no partial credit here).

(O positive definite () positive semidefinite () negative definite () negative semidefinite () indefinite

(5 pts) (b) Only one of the following expressions is a correct formula for the quadratic form f(x) = (z,exp(S)x). Select

this expression.
O f(w) — e)‘l y% + 63 y% + 62 y% + 672 yi O f(g;) — €>‘1 yf€3y§e2y§e*2yi

O f(a:):e>‘1yf—|—e?’y§—4—627”?2:—1—6’274Z O f(:v):)\167”%—1—367”3—1—26?/3—26-’/Z (O none of these

(5pts) (¢) M=__

(10 pts) (d) Calculate y3 when 21 = 2, x5 = 4, 3 = 6, and 24 = 8. Clearly explain your reasoning to receive credit.



