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Problem 1. The figure to the right depicts a weighted digraph G
with unspecified weights w1, w2, w3, and w4.

(a)(2 pts) The Euler characteristic of G is .

(b)(2 pts) It is known that the following linear combination calculates the
vector of net flow through the nodes of G.
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This information about net flow tells us that the weights in this
digraph are:

w1 = w2 = w3 = w4 =

v1 v2

v3 v4

a1[w1]

a2[w2]

a3[w3] a4[w4]

Problem 2. Consider the matrix A and the vectors v and b in this product:

A
18 11 −14 1
13 24 14 0

−27 17 28 0
19 −22 21 1
20 29 11 0


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.
(a)(2 pts) The notation Ri A−→ Rj makes sense for i = and j = .

(b)(3 pts) Only one of the following statements accurately describes the geometric relationship between the rows of A and
the vector v. Select this statement.

⃝ Three rows of A are orthogonal to v and two rows of A are acute to v.

⃝ Three rows of A are acute to v and two rows of A are obtuse to v.

⃝ Three rows of A are obtuse to v and two rows of A are acute to v.

⃝ Three rows of A are obtuse to v and two rows of A are orthogonal to v.

(c)(6 pts) Calculate this matrix-vector product:


−14 1 11 18
14 0 24 13
28 0 17 −27
21 1 −22 19
11 0 29 20
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
(d)(12 pts) Calculate the inner product ⟨A⊺Av,w⟩ where w =

[
0 0 0 1

]⊺
. Clearly explain your reasoning to receive

credit. Fill in the blank at the bottom of this page to make your answer clear.

⟨A⊺Ab,w⟩ =



Problem 3. Suppose that M is an m×n matrix, that v ∈ Rm, and that w ∈ Rn. Throughout this problem we will
define the notation v⊙w by the formula v⊙w = v⊺Mw (viewing v as an m× 1 matrix and w as an n× 1 matrix).

(a)(3 pts) Which of the following statements most accurately describes the type of mathematical object produced by
calculating v ⊙w?

⃝ a vector in Rm ⃝ a vector in Rn ⃝ an m× n matrix ⃝ an n× n matrix ⃝ a scalar

(b)(5 pts) Consider the case where m = n, where M = c · In for a scalar c, and where w = v. Only one of the following
formulas for v ⊙ v is guaranteed to be correct under these conditions. Select this formula.

⃝ v ⊙ v = c · ∥v∥2 ⃝ v ⊙ v = c2 · v ⃝ v ⊙ v = c · v ⃝ v ⊙ v = c2 · ∥v∥ ⃝ v ⊙ v = c2 · In

(c)(5 pts) Consider the case where m = n, where M is invertible, and where w = M−1v. Only one of the following
formulas for v ⊙w is guaranteed to be correct under these conditions. Select this formula.

⃝ v ⊙w = ∥v∥ ⃝ v ⊙w = v2 ⃝ v ⊙w = v ⃝ v ⊙w = ∥v∥2 ⃝ v ⊙w = In

(d)(12 pts) Now, consider the matrix M and the vectors v and w given by

M =


17937 −2772 34802 −758
−8045 1243 −15609 340
−10079 1558 −19556 426
−9035 1414 −17547 385

 v =
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2


It is known that w ∈ EM (3). Use this information to calculate v⊙w. Clearly explain your reasoning to receive
credit. Fill in the blank at the bottom of this page to make your answer clear.

v ⊙w =

Problem 4. The equation to the right depicts the calculation of the
reduced row echelon form of a 5× 4 matrix A. Note that rref(A) has
been labeled as R and that the second and fourth columns of A are
currently unknown and marked as ∗.

rref

A
1 ∗ 4 ∗
1 ∗ 5 ∗
2 ∗ 9 ∗

−3 ∗ −13 ∗
0 ∗ 2 ∗

 =

R
1 5 0 1
0 0 1 −1
0 0 0 0
0 0 0 0
0 0 0 0


(a)(3 pts) Both of the matrices A⊺A and R⊺R are × with rank .

(b)(5 pts) The (1, 1) entry of A⊺A is and the (3, 4) entry of R⊺R is .

(c)(4 pts) The second column of A is




and the fourth column of A is







Problem 5.(12 pts) Suppose that A and B are two invertible matrices such that trace(A) = 3 and trace(B) = 5. The
product of A and B is

AB =


9 1 −6 9

−4 0 3 −6
−6 −1 4 −7
−6 −1 4 −6


Use this information to calculate trace(X) where X = 2 ·B(A−1B)−1 − (A+B−1)B. Clearly explain your reasoning
to receive credit. Fill in the blank at the bottom of this page to make your answers clear.

trace(X) =

Problem 6.(12 pts) We have learned two deterministic algorithms for row-reducing matrices. The “Gauß-Jordan” algorithm
reduces a matrix to reduced row echelon form and the “PA = LU” algorithm reduces a matrix to row echelon form.

Fill in the blank next to each matrix below with the notation defined in class for the first elementary row operation
called for by the indicated algorithm. (2pts each graded independently with no partial credit)

Gauß-Jordan
71 56 93 35
58 27 86 88
14 23 39 39
1 12 92 58

60 87 85 87


Gauß-Jordan

0 0 3
0 4 0
0 0 2
0 1 1


Gauß-Jordan

1 5 0 9 1
0 0 1 0 7
0 0 0 1 4
0 0 0 0 7



PA = LU
0 0 3
0 4 0
0 0 2
0 1 1


PA = LU3 7 9 4

0 5 7 5
0 15 0 1



PA = LU
3 7 9 4 1
0 −5 3 −4 2
0 0 0 2 1
0 0 0 0 −7
0 0 0 −6 4





Problem 7.(12 pts) The data below depicts the result of row-reducing a matrix A to a matrix R̃. The elementary matrices
corresponding to the row-reductions used have been multiplied together to produce a factorization of the form
EA = R̃. The notation R̃ has been used here because R̃ ̸= rref(A) (although it should be noted that R̃ is very close
to reduced row echelon form).

E
1 0 −1 −1 1
1 1 −1 0 1
0 −1 1 −1 −1
1 −1 0 −1 1
0 −1 1 −1 0


A

1 1 −6 −1
1 −1 −28 1
1 0 −17 1
0 1 11 −1
0 0 0 1

 =

R̃
0 0 0 0
1 0 −17 0
0 0 0 0
0 1 11 0
0 0 0 1

 b =


b1
b2
1
1
1


The data also depicts a vector b whose first two entries are unknown and marked as b1 and b2.

Without doing any row-reductions, use the EA = R̃ factorization to determine the values of b1 and b2 that make the
system Ax = b consistent. Use these values of b1 and b2 to express the general solution to Ax = b as x = xp+c1 ·x1.
Clearly explain your reasoning to receive credit. Fill in the blanks at the bottom of this page to make your answers
clear.

The system Ax = b is consistent for b1 = and b2 = and x =

xp


+ c1 ·

x1




