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Problem 1. Suppose that A = QR where A is 5 x 4 with rank(A) = 2. Let P = QQT and let d be the degree of
the characteristic polynomial of P.

(4 pts) (a) Qis X and R is X

(5 pts) (b) d= and the coefficient of t4=1 in xp(t) is

(4 pts) (¢) rank(PA)=__

Problem 2. Let v € R? and let A be the matrix with eigenspaces £4(—2) = Span{ [ﬂ } and £4(1) = Span{v}.

avs @ | 4[] -

(4 pts) (b) Suppose z # 0. Only one of the following choices for the vector v makes the matrix A real-symmetric. Select
this vector.

ow=[] ow=[] ov=[] on=ff] ov-]

10 pts) (¢) Calculate the matrix-vector product A ! = assuming that v = 2 .
4



Problem 3. This 4 x 4 matrix A has exactly two eigenvalues. One of the

eigenvalues of A is Ay = 3. The geometric and algebraic multiplicities of 3 41 -4 —¢
A1 = 3 satisfy 3 924 9 3
gm, (3) = amy(3) = 2 A=112 86 -5 12
The other eigenvalue Ay is unknown. It is known that A is not diago- -9 —63 -6 -6
nalizable.
(6 pts) (a) gmy(No)=__  andamy(No)=__

(10 pts) (b) Calculate the values of Ao and det(A). Clearly explain your reasoning to receive credit and fill in the blanks
below to make your answers clear.

The context of this problem allows for the calculation of these numbers with minimal arithmetic,
so no partial credit for arithmetic errors will be awarded.

A2 = and det(A) =
(10 pts) (c) There is a basis of £4(3) of the form {v1,v2 = [-2 0 3 0]"}. Find a valid choice for v; and then use your

basis {v1,v2} to find an orthonormal basis {qy, gy} of £4(3). Clearly explain your reasoning to receive credit
and fill in the blank vectors below to make your answer clear.

q, = and gy =




9
(16 pts) Problem 4. Let H be the Hermitian matrix H = [Z ;

and fill in the blank matriz below to make you answer clear.

}. Calculate 2 - exp(H). Clearly explain your reasoning

2-exp(H) =




Problem 5. Consider the singular value decomposition A = UXVT where

—1fa2 1 L1 5/ 1 1 -1 9 1 1
27 3/14 —3/14  1)14 -t 20 20 O 1 1 2 1
A= |12 521 -1 —Sl2| U=-—| 0 1 2| ¥=|0 12 0 V=—
lag —lf6 —1/21 —5/21 Vil 211 0 0 13 7 1 —} _é
—lf3 41 2/ 1/ 2 0 1 B

Note that A is 5 x 4 (which means that ATA is 4 x 4).

(9 pts) (a) rank(A4) = , trace(UTU) = , and det(VTV) =

(4 pts) (b) Only one of the following statements accurately describes the definiteness of ATA. Select this statment.
(O ATA is indefinite () ATA is positive semidefinite and positive definite
(O the concept of definiteness does not apply to ATA () ATA is positive semidefinite but not positive definite

(O ATA is positive definite but not positive semidefinite

(4 pts) (¢) Only one of the following statements accurately describes the eigenspaces of ATA. Select this statement.
(O ATA has one two-dimensional eigenspace and two one-dimensional eigenspaces
(O ATA has four one-dimensional eigenspaces () ATA has three one-dimensional eigenspaces
(O AT A has one two-dimensional eigenspace and one one-dimensional eigenspace

(O AT A has one three-dimensional eigenspace

(10 pts) (d) Let @ be any solution to the least squares problem associated to Az = b where b = [0 VT 0 0 O]T.
Calculate V*Z. Clearly explain your reasoning to receive credit.

Hint. Start by clearly articulating what system Z solves and explain the relevance of SVD to this sytem.



