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(4 pts) Problem 1. Suppose S = A + AT where A is 2024 x 2024. Show that S is symmetric. Avoid circular logic to
receive credit.

Solution. ST=(A+ AT =AT+ (AT)T=AT4+ A=S

*x x 0 6 3 12
x x 0 2 1 4
*x x 0 0 0 O
Problem 2. Consider A= |* * 0 6 3 12]|. Entries in the first two columns are unknown and marked as x*.
* x 0 0 0 O
*x x 0 4 2 8
x x 0 2 1 4
(3 pts) (a) A has 7 rows and 6 columns. The notation R? 25 R? is valid for a = 6 and b = T .

(2 pts) (b) The matrix-vector products Av and ATw only make sense if v has 6 coordinates and w has 7
coordinates.

(2 pts) (¢) Only one of the following linear combinations of the columns of A produces the zero vector. Select this linear
combination.

\/ 2 Cols + Coly —2 Cols O Coly +2 Cols O Cols —3 Colg O Cols — Coly

(2 pts) (d) Each of the following options below describes a strategy for filling in the missing data in the first two columns
of A. Select each strategy that would make A have “rank one” (each option is worth 0.5pts).

V/ Set every * equal to 0.
v/ Set Coly equal to Coly and set Coly equal to Cols.
(O Set every x equal to 1.

(O Set every * in Col; equal to 1 and every * in Cols equal to 2.

(2 pts) (e) Suppose we set every x equal to zero. Then which column is called the “first pivot column” of A?

O Coly O Cola O Colg +/ Coly (O Cols



(2 pts) Problem 3. Suppose that A and B are matrices and that v is a vector with the following properties.

veR® Av € RS B(Av) € R¥?

Then A is 5 X 8 and B is 13 X 5

Problem 4. Suppose that v1,vs € £4(A) and let v be defined by the linear combination v = ¢; - v1 + ¢3 - V2.

(2 pts) (a) Select all of the following symbols from this problem that represent a scalar quantity (no partial credit here).

Ovi Qv2 OA4 VA Ov Va Ve

(2 pts) (b) The context of this problem requires which of the following adjectives to apply to A?

v/ square (O symmetric () rank one (O identity (O upper triangular

(4 pts) (¢) Show that v € £4(\). Avoid circular logic to receive credit.

Solution. The data in the problem tells us that Avy = X\ - v and that Avy = A - vy. We want to demonstrate
that Av = X -v. To do so, note that

Av = A(cq - v1 + c2 - v2)
=cy - Avy + ¢y - Avg
=cC1 AV +Co vy
=X (c1-v1+co-v9)
=\

Problem 5. The equations below depict the results of multiplying a matrix A by three vectors w, x, and y.

w x Yy

1 5 0 21 0 25

1 5 1 9 0 7
A 1l = |5 A 0 11 A ol = |12

1 5 0 7 1 5

(2 pts) (@) Which (if any) of the following vectors is an eigenvector of A7 / w O x (O y (O none of these

(4 pts) (b) Calculate Coly + Colg, where Col; and Cols are the first and third columns of A. Hint. Start by explaining that
this is the same thing as calculating Av for what vector v?

Solution. This is the same as calculating Av for v = [1 0 1 O]T =wv —x +y. It follows that

5 21 25 9
5 9 7 3
Col; +Cols = A(v—x+y) = Av — Az + Ay = 5 1l * o 6
5 7 5 3



(4 pts) Problem 6. Let G be the directed graph whose incidence matrix is given by

N

I
[N eNeNoeNall

|
OO O OO
—_—_ 0 000 0oo
OO OO O
_ =0 0000
[eNel ool =)

Then x(G) = 1, the number of connected components of G is 2, and the circuit rank of G is 1 .

Solution. The Euler characteristic is
X(G) = (number of nodes) — (number of arrows) = (number of rows of A) — (number of columns of A) =7—-6=1

To calculate the number of connected components and the circuit rank, we need to draw the picture.

VRN

ai 4y

. p P~
® ® =0

Problem 7. This figure depicts five points P, @, R, S, and T
in R™. The figure shows that the line segment connecting @ to
S intersects the line segment connecting R to T at the point
P. The angle 8 depicted is the angle between the line segment
connecting P to @ and the line segment connecting P to R.

Q
(2 pts) (a) Only one of the following vectors is equal to Cﬁl’ Select this vector.
JVQP+PR O QP-PR O QP+PS (O QP+PQ
(2 pts) (b) Suppose that P and @ have coordinates P(4,5,7,10) and Q(6,6,12,11). Then H]?Q’H =_/31 .

Solution. The coordinates of P_Cj are P_Q = [6 —4 6-5 12—7 11— 10}T _ [2 1 5 1]7. It follows
that | PG| = V2 + 12 + 52 + 12 = v/31.

(2 pts) (¢) Only one of the following values is equal to Hﬁ” Select this value.

VTP +IRP O IRQI+ QT O [IRPI+[IPS|+ISTI O [RP| - [|PT]

(2 pts) (d) Suppose that <P_Q’, P_R’> = —5. Then only one of the following statements about 6 is correct. Select this
statement.

(O 0 is an acute angle / 0 is an obtuse angle (O 0 is a right angle

(O we don’t have enough information to conclude if 6 is an acute, obtuse, or right angle



Problem 8. Suppose that A is a 2024 x 2023 matrix and that v and w are vectors in R2923 satisfying
[v] =5 (v,w) =5 v € Eara(3) w € E74(0)

(3 pts) (a) Interpret the data in this problem by filling in the following blanks.

(v,v) = __|[v||* =25 ATAv = 3-v ATAw=_0-w=0

+

(5 pts) (b) Calculate ||A(v — w)]||?. Clearly show your steps to receive credit.

Solution. The key is to expand ||A(v — w)||? using inner products and appeal to the adjoint formula.

JA(0 — w)|> =

Alv —w), A(v — w))
ATA(v — w),v — w)
ATAv — ATAw, v — w)
3-v—0,v—w)
=(3-v,v—w)
=3-(v,v) — 3 (v,w)

o~ o~~~

=3.52-3-5
=3.5-(5-1)
=15-4

=60

(5 pts) Problem 9. Consider a 2024 x 3 matrix A, so A looks like

A= a; as as

Suppose that each of the columns of A is a unit vector, that as is orthogonal to both a; and as, and that a; forms
an angle of § = 7/ with a3. Find the Gramian ATA of A.

Hint. Recall that cos(7/4) = v2/2.

Solution. The data from this problem tells us that

V2

(a1,a1) = (a2, a2) = (a3, a3) =1 (a2,a1) = {az,a3) =0 (a1,a3) =|larf| -[las] - 7/a=1-1- ==

The Gramian of A is then

(ar,a1) (ai,a2) (ai,as) I 0 v2/p
ATA = |(az,a1) (az,az) (az,a3)|=| 0 1 0O
(az,a1) (az,az) (a3, asz) V22 0 1



Problem 10. Consider the calculation of the reduced row echelon form of the following 7 x 8 matrix A.

A

(-2 —-10 -1 1 —-11 0 -2 —7] 1 5 0 0 4 0 0 3]

-3 -15 -2 2 —-18 0 -3 -—12 0010 000 1

1 ) 1 0 4 -1 0 3 0001 -3 00 -2

rref | O 0 0 0 0 1 2 -1 =0 0 0 O 01 0 1
-3 -15 -3 3 =21 0 -2 -16 0000 001 -1

-2 -10 -1 1 -1 o0 -1 -8 0000 O0O0O0O O

|1 5 1 -2 10 1 0 ] o000 000 O]

(4 pts) (a) rank(A) = 5  nullity(A)=_3  rank(AT)=__5 and nullity (AT) = ___ 2

(2 pts) (b) Which columns of A are the nonpivot columns? Select all that apply (no partial credit here).

O COll \/ COIQ O 0013 O 0014 \/ 0015 O 0016 O 0017 \/ COlg

(2 pts) (¢) Suppose b € R” makes the system Az = b consistent. Which of the variables in this system is dependent? Select
all that apply (no partial credit here).

Vi Quzz VVres Vs OQuas Vas e O ws

(2 pts) (d) Which of the following adjectives correctly describes A? Select all that apply (no partial credit here).

O full column rank O full row rank (O full rank 4/ rank deficient () nonsingular () singular

(2 pts) (e) The columns of A satisfy all of the following equations. However, according to our terminology from class, only
one of the following equations is called a column relation. Select this equation.

\/ 0015 =4 COll -3 0014 O 0015 = — COll + 0012 -3 0014

O Col; = =3 Coly +12 Coly +4 Col; (O Coly = —3 Coly +6 Coly +2 Cols

Problem 11. Let R be a 5 x 6 reduced row echelon form matrix with exactly two column relations given by
0014 =-5 0011 +2 COlg COIG =7 COIQ + 0013 + 0015

(2 pts) (a) rank(R)=__4

(4 pts) (b) Find R (there is only one possible answer). Clearly explain your reasoning to receive credit.

Solution. The column relations tell us that Coly and Colg are the nonpivot columns of R. It follows that
Coly, Coly, Cols, Colj are the pivot columns. Accounting for this taxonomy and the column relations gives

=

I
cocoo~
coor~o
cor oo
c o N o w;
o~ ococo
[ RO )



(9 ptsProblem 12. The augmented matrix below represents a

variables are x1, T2, T3, T4, T5.
Ty X2 T3z T4 Ts5 Te

-1 2 1 -5 4 -1 9
0 5 20 1 -9 2 21
0o o0 0 3 -—-12 2 6
0O 0 0 O 0 —-7|-21
0O 0 0 O 0 0 0
0O 0 0 O 0 O 0

Use the technique of back-substitution to find the general solution to this system.
back-substitution to receive credit.

Solution. The system is consistent because there is no pivot in the augmented column. The free variables are

r3 = ¢1 and x5 = ¢o. The equations are then

—x1 + 21‘2 + C1 - 5584 + 462 - T
S5xre + 20c; + T4 — 9cy + 2x¢

3xy — 12¢0 + 2xg

—7.1’6

The last equation tells us that zg = 3. We then solve for x4 in the third equation as

64120, -2(3)

—4
3 2

Ty

We then solve for x5 in the second equation with

_21-20¢; — (4e2) +9c2—2(3)  15—20c¢1 +5¢
n 5 n 5

T2

Finally, we solve for x; in the first equation

_9—2(3—401+02>—01+5(402)—4CQ+3

T 1
71276+8017202761+20027402
B —1
6+ Tc + 1o
B -1
B —6 — 701 — 1402
The general solution is then
X1 -7 C1 — 1402 —6 —6 -7
ZTo —4 c1+ c2 + 3 3 —4
o I3 o C1 o 0 + 1 +
= Ty o 402 B 0 1 0 €2
s C2 0 0
T6 3 3 0

:3—

system of linear equations in row echelon form whose

You must use the method

21

401 +co

—14

O = O =



(9 ptsProblem 13. Consider the matrix A given by

0 0 0 1 2 -1
A— 5 15 =20 10 O S
1 3 -2 4 2 1
-3

-9 1 -7 -1 -3

Use the Gauf-Jordan algorithm to calculate rref(A).

You must label each row reduction properly and adhere to the steps of the algorithm to receive credit.

Solution. Following the algorithm, we have

A
0 0 1 2 —-1 15 =20 10 0 5

0 5

5 15 =20 10 0 O rier, 0 0 0 1 2 -1

1 3 =2 4 2 1 1 3 =2 4 2 1
-3 -9 1 -7 -1 =3 -3 -9 1 -7 -1 =3

1 3 —4 2 0 1
(1/5)-11—71 0 0 0 1 2 —
1 3 -2 4 2
-3 -9 11 -7 -1 -
1 3 —4 2 0
Mism o 00 0 1 2 -1
0 0 2 2 2 0
o0 -1 -1 -1 0
13 =4 2 0 1
roesrs |00 2 2 2 0
0 0 0 1 2 -1
0o 0 -1 -1 -1 0
1 3 -4 2 0 1
(1f2)re—re |0 0 1 1 1 0
0 0 0 1 2 -1
o0 -1 -1 -1 0
(1 3 0 6 4 1
mEtEIT o011 10
00 0 1 2 -1
0 0 0 0 O 0
rref(A)
[1 3 0 0 -8 7
mI%Ea oo o1 0 -1 1
0 0 0 1 2 -1
0 0 0 O 0 0




Problem 14. Consider the following reduced row echelon form calculation.

A
5 -2 -1 =2 111 0 0 0 O 1000 0| -4 =10 -3 -2 3
-2 1 0 1 -1/0 1 0 0 O 01 0 00 1 1 -1 -1 =
rref | —4 1 3 0 40010 0=)j00100 -3 -7 -2 -1 2
1 -1 2 -1 0(0 0 0 1 O 000 1O0|-11 =25 -6 —4 5
-3 1 3 0 2{0 0 0 01 00001 -2 -5 -1 —-11

The notation indicates that A is the 5 x 5 matrix whose columns are the first five columns of the first augmented
matrix in the equation. Note that the (2,10) entry of the reduced matrix is unknown and marked as *.

(4 pts) (a) Find the missing entry marked . Clearly explain your reasoning to receive credit.

Solution. The data given is rref[A | I5] = [I5 | B]. This means that rref(A) = I5, so A is nonsingular and
B = A~L It follows that

A AL Is
5 -2 -1 -2 1 -4 —-10 -3 —2(3 10000
(=2 1 0 1 -1) I 1 =1 —1|=x 010 0(0)
-4 1 3 0 4 -3 -7 =2 —1|2|l=|00 100
1 -1 2 -1 0| -11 =25 —6 —4|5 00010
-3 1 3 0 2 -2 -5 -1 —-1[1 000 01

From here, there are lots of ways to recover x. For instance, we know that the inner product of the second
column of A with the fifth column of A~! is zero, which gives the equation

—23)+*x+5-1=0

It follows that x =6 —5+1 = 2.
(4 pts) (b) Find all solutions x to Az = b for b = [0 01 -1 0} T. Clearly explain your reasoning to receive credit.

Solution. There is exactly one solution to Az = b because A is invertible. This solution is

At b
-4 -10 -3 -2 3 0 -3 -2 —1
1 1 -1 -1 =« 0 -1 -1 0
r=| -3 -7 -2 -1 2 1| = |-2| - |—-1| = [—-1
—-11 —-25 -6 —4 5| |—-1 —6 —4 —2
-2 -5 -1 -1 1 0 -1 -1 0



